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A	  primi8ve	  approach	  to	  
aeroacous8cs…	  
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…	  and	  two	  ques8ons	  
First	  ques8on:	  why	  does	  a	  2D	  model	  of	  periodic	  vortex	  
pairing	  give	  linearly	  increasing	  pressure	  fluctua;ons	  ?	  	  

??? 
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…	  and	  two	  ques8ons	  
Second	  ques8on:	  why	  does	  Curle’s	  
analogy	  always	  give	  me	  wrong	  results	  
when	  I’m	  using	  an	  incompressible	  
model	  for	  non-‐compact	  ducted	  flows	  ?	   h

d

Exact: 

Curle: 

Exact solution 
(based on tailored 
Green’s function): 
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Low	  Mach	  number	  issues	  
l  Aeroacous;c	  analogies	  show	  a	  large	  sensi;vity	  to	  seemingly	  small	  

approxima;ons	  in	  the	  flow	  model	  
l  Blame	  it	  on	  aeroacous;c	  analogies	  ?	  

l  At	  low	  Mach	  numbers:	  orders	  of	  magnitude	  of	  difference	  between	  
hydrodynamic	  and	  acous;c	  fluctua;ons	  (O(M4))	  

l  Direct	  Noise	  Computa;ons	  (DNC)	  à	  addi;onal	  issues	  (dissipa;on/dispersion	  
à	  numerical	  cost	  ∝	  Re2M-‐4,	  NRBCs,	  synthe;c	  turbulence	  genera;on,	  …)	  

p’ = 4.4934739 Pa 

hydrodynamic 
field 

acoustic 
field 
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l  Are	  there	  beOer	  choices	  to	  be	  made	  in	  the	  decoupling	  between	  sound	  
genera;on	  and	  propaga;on	  effects	  ?	  

l  Are	  there	  aeroacous8c	  analogies	  that	  perform	  beUer	  than	  others	  ?	  



Plan	  
l  Fundamentals	  of	  Lighthill’s	  acous;c	  analogy	  

l  Concepts	  
l  Approxima;ons	  

l  First	  ques;on:	  sound	  emiOed	  by	  free	  vortex	  
leapfrogging	  
l  Review	  of	  Vortex	  Sound	  Theory	  
l  Predic;ons	  based	  on	  analy;cal	  model	  and	  experimental	  data	  

l  Second	  ques;on:	  sound	  emiOed	  by	  ducted	  vortex	  
leapfrogging,	  based	  on	  analy;cal	  model	  
l  Review	  of	  Curle’s	  analogy	  
l  The	  black	  magic	  behind	  the	  acous;c	  dipoles	  
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Monopoles,	  dipoles,	  quadrupoles	  

l  Monopole	  =	  pulsa;ng	  
sphere	  

l  Physically:	  unsteady	  
combus;on,	  pipe	  exhaust,	  
vocal	  folds,	  …	  

+ 

l  Dipole	  =	  oscilla;ng	  sphere	  
without	  change	  of	  volume	  

l  Less	  efficient	  than	  monopole	  
l  Physically:	  unsteady	  forces	  

- + 

l  Quadrupole	  =	  deforming	  
sphere	  without	  change	  of	  
volume	  nor	  net	  force	  

l  Less	  efficient	  than	  dipole	  
l  Physically:	  turbulence	  

+ - 
+ - 

7 



Lighthill’s	  aeroacous8cal	  analogy	  :	  
concept	  

l  Wave	  propaga;on	  region:	  linear	  
wave	  operator	  applies	  

source 
region 

observer 
in uniform 
stagnant 

fluid 

propagation region 
uniform fluid at rest 

V 

S 

x	


y	


mass momentum 

l  Turbulent	  region:	  fluid	  mechanics	  
equa;ons	  apply	  

l  The	  problem	  of	  sound	  produced	  by	  a	  
turbulent	  flow	  is,	  from	  the	  listener’s	  point	  of	  
view,	  analogous	  to	  a	  problem	  of	  propaga;on	  
in	  a	  uniform	  medium	  at	  rest	  in	  which	  
equivalent	  sources	  are	  placed.	  
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no external forces 
à no dipoles 



Lighthill’s	  analogy:	  
defini8on	  of	  a	  reference	  state	  
l  Reformula;on	  of	  fluid	  mechanics	  equa;ons,	  and	  use	  of	  arbitrary	  speed	  c0	  :	  

l  Defini;on	  of	  a	  reference	  state:	  

source 
region 

observer 
position 

propagation region 
uniform fluid at rest 

V 

S 
x	


y	


Lighthill’s	  tensor	  

Exact…	  therefore	  perfectly	  useless!	  

with	  

l  Aeroacous;cal	  analogy	  :	  
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Sound	  produced	  by	  free	  isothermal	  turbulent	  flows	  
at	  low	  Mach	  number:	  some	  useful	  approxima8ons	  

l  Solu;on	  using	  Green’s	  fct	  

l  Purpose:	  simplify	  the	  RHS	  

l  High	  Reynolds	  number	  
l  Isentropic	  
l  Low	  Mach	  number	  

Integral	  solu6on	  !	  good	  for	  numerical	  stability	  

sound scattering at boundaries 
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no entropy generation 
à no monopoles 

Explicit	  integral	  solu6on	  !	  decoupling	  between	  source	  and	  propaga6on	  effects,	  
allows	  using	  incompressible	  flow	  model	  



Acoustic scale: 

Lighthill’s	  M	  
8	  law	  for	  low	  Mach	  number	  free	  jets	  

l  Using	  free	  field	  Green’s	  func;on:	  

l  Scaling	  law:	  

D U0 

λ 

Flow time scale: 

Spatial derivative: 

Acoustical power: 
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Not	  by	  chance!	  We	  obtain	  quadrupolar	  radia6on	  efficiency	  because	  we	  imposed	  it!	  

Quadrupolar source 



First	  ques8on:	  why	  does	  a	  2D	  model	  of	  periodic	  vortex	  
pairing	  give	  linearly	  increasing	  pressure	  fluctua;ons	  ?	  	  

??? 
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Vortex	  Sound	  Theory:	  Powell’s	  analogy	  
l  Vectorial	  iden;ty:	  

l  Momentum	  equa;on	  becomes:	  

l  Similar	  manipula;on	  as	  for	  Lighthill’s	  analogy:	  

∝M 2 

l  Retaining	  leading	  order	  terms	  in	  M2:	  

l  Integral	  solu;on	  using	  free	  field	  Green’s	  func;on	  and	  first	  order	  Taylor	  
expansion	  of	  the	  retarded	  ;me:	  

conservation of kinetic energy 

conservation of momentum 

l  Powell’s	  integral	  formula;on:	  

low Mach isentropic 
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l  Star;ng	  from	  Powell’s	  integral	  formula;on:	  

l  Using	  vectorial’s	  iden;ty:	  

l  By	  subs;tu;on:	  

l  Using	  Helmholtz’s	  vor;city	  transport	  equa;on:	  

l  Möhring’s	  integral	  formula;on:	  

conservation of kinetic energy 

14 

Vortex	  Sound	  Theory:	  Möhring’s	  analogy	  



l  We	  have	  derived	  two	  (formally)	  equivalent	  formula;ons	  of	  the	  Vortex	  Sound	  
Theory:	  

l  Powell’s	  analogy:	  

l  Mohring’s	  analogy:	  

Vortex	  Sound	  Theory:	  
2	  solu8ons	  for	  the	  same	  problem	  

l  Although	  formally	  equivalent,	  these	  two	  formula;ons	  do	  not	  yield	  the	  same	  
numerical	  robustness!	  
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Vortex	  Sound	  Theory	  for	  axisymmetrical	  flows	  

l  Coordinate	  of	  a	  vortex	  element:	  

l  General	  form	  of	  velocity	  and	  vor;city:	  

l  Powell’s	  analogy	  becomes:	  

l  Möhring’s	  analogy	  becomes:	  
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l  Vortex	  pairing	  =	  inviscid	  interac;on	  
(Biot-‐Savart)	  
l  Vortex	  leapfrogging:	  periodic	  mo;on	  
l  Vortex	  merging:	  requires	  core	  deforma;on	  

Vortex	  ring	  pairing	  

l  One	  of	  the	  mechanisms	  of	  sound	  produc;on	  in	  subsonic	  jets	  

l  Can	  be	  easily	  stabilized	  and	  studied	  at	  laboratory	  scale	  

l  Sound	  predic;on	  based	  on	  two	  different	  source	  models:	  
l  Analy;cal	  models	  (2D	  and	  3D	  axisymmetric)	  

à	  controllable	  error	  
l  Experimental	  data:	  ;me-‐resolved	  Par;cle	  Image	  Velocimetry	  

à	  random	  error	  
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2D	  and	  3D	  models	  of	  vortex	  ring	  leapfrogging	  

l  2D	  model	  (σ	  <<	  d	  <<	  R0):	  locally	  planar	  interac;on,	  neglects	  vortex	  stretching	  

l  3D	  model	  (σ	  <<	  d	  =	  O(R0) ):	  accounts	  for	  vortex	  stretching	  
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2D	  model:	  vortex	  trajectories	  and	  flow	  invariants	  

l  Two	  cases	  considered:	  d	  /	  R0 = 0.1 and 
0.3 . l  Locus	  of	  the	  vortex	  cores: 

secular term 

¡ d / R0 = 0.3 
d / R0 = 0.1 l 

2D 3D 

l  Flow	  invariants: 

d / R0 = 0.1 
¡ d / R0 = 0.3 2D 

2D 
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2D	  model:	  sound	  predic8on	  
l  Powell’s	  analogy: 

l  Möhring’s	  analogy: 

secular term 

secular term 

l  Conclusion:	  failure	  of	  both	  Powell’s	  and	  Möhring’s	  analogies	  when	  applied	  to	  a	  
flow	  model	  that	  does	  not	  respect	  the	  conserva;on	  of	  momentum	  and	  kine;c	  
energy 
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Möhring’s	  solu8on	  (trick	  ?):	  
reinforcement	  of	  physical	  assump8ons	  

l  Using	  Lamb	  (1932)	  iden;;es: 

l  Imposing	  further	  conserva;on	  of	  
momentum: 

l  We	  obtain: 

l  Imposing	  further	  conserva;on	  of	  kine;c	  
energy: 

2D 
¡ 3D 

2D 
3D ¡ 

d / R0 = 0.1 

d / R0 = 0.3 

21 



Experimental	  facility	  
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l  Two	  flow	  condi;ons:	  
l  U0	  =	  5	  m/s	  (Re	  =	  14,000	  à	  stable	  laminar	  

vor;ces	  but	  nega;ve	  decibels…)	  
l  U0	  =	  34	  m/s	  (Re	  =	  93,000	  à	  more	  

turbulent	  vor;ces	  but	  measurable	  SPL)	  



Applica8on	  to	  PIV	  data	  
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34.2 m/s 

5.0 m/s 

PIV	  results:	  acous8cal	  source	  terms	  

5.0 m/s 

34.2 m/s 

5.0 m/s 

34.2 m/s 
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Acous8c	  predic8ons:	  
PIV	  vs.	  tuned	  analy8cal	  models	  

5.0 m/s 
PIV 

—— 3D model 

l 

34.2 m/s 

PIV 
—— 3D model 

l 

25 



EXC+1P

1P

1P

1P

EXC+1P

EXC+1P

f (kHz)

S
P
L
(d
B
R
e
20
µ
P
a)

0 2.5 5 7.5 10 12.5
0

10

20

30

40

50

60

70

80

EXC+1P

1P

1P

1P

EXC+1P

EXC+1P

f (kHz)

S
P
L
(d
B
R
e
20
µ
P
a)

0 2.5 5 7.5 10 12.5
0

10

20

30

40

50

60

70

80

Acous8c	  predic8ons:	  
PIV	  vs.	  acous8c	  measurements	  
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First	  ques8on:	  why	  does	  a	  2D	  model	  of	  periodic	  vortex	  
pairing	  give	  linearly	  increasing	  pressure	  fluctua;ons	  ?	  	  

??? 
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Answer:	  that’s	  because	  I	  had	  let	  my	  acous;c	  analogy	  believe	  that	  
my	  wrong	  flow	  model	  was…	  wrong!	  



Second	  ques8on:	  why	  does	  Curle’s	  
analogy	  always	  give	  me	  wrong	  results	  
when	  I’m	  using	  an	  incompressible	  
model	  for	  non-‐compact	  ducted	  flows	  ?	  

h

d

Exact: 

Curle: 

Exact solution 
(based on tailored 
Green’s function): 
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Curle’s	  analogy:	  fixed	  rigid	  bodies	  
l  Lighthill’s	  aeroacous;cal	  analogy:	  

l  Par;al	  integra;on	  of	  source	  integral	  

incident field 

scattered field 

l  Integral	  solu;on	  using	  Green’s	  func;on	  

l  Curle’s	  analogy:	  uses	  free	  field	  Green’s	  func;on	  

29 
Quadrupole, W ∝ M 8 

in free field 
Dipole, W ∝ M 6 

in free field 



The	  black	  magic	  behind	  Curle’s	  acous8c	  dipoles	  

30 

l  No	  assump;on	  made	  in	  Curle’s	  analogy,	  only	  a	  reformula;on	  of	  
Navier-‐Stokes	  equa;ons	  solved	  using	  Green’s	  func;on	  

l  But	  hard-‐wall	  boundary	  condi;on	  has	  disappeared,	  replaced	  by	  equivalent	  
dipoles	  distributed	  over	  solid	  surfaces	  

à  The	  dipoles	  must	  represent	  the	  non-‐penetra;on	  boundary	  condi;on,	  for	  
l  the	  hydrodynamic	  problem:	  reac;on	  force	  exerted	  by	  the	  walls	  subjected	  to	  wall-‐normal	  

flow	  momentum,	  and	  
l  the	  acous;c	  problem:	  scaOering	  of	  incident	  acous;c	  waves.	  

l  But	  what	  if	  my	  dipoles	  are	  computed	  from	  an	  incompressible	  flow	  model	  ?	  



Second	  ques8on:	  why	  does	  Curle’s	  
analogy	  always	  give	  me	  wrong	  results	  
when	  I’m	  using	  an	  incompressible	  
model	  for	  non-‐compact	  ducted	  flows	  ?	  

h

d

Exact: 

Curle: 
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Answer:	  that’s	  because	  the	  dipoles	  
lack	  the	  compressible	  component	  
corresponding	  to	  acous;c	  scaOering,	  
leading	  to	  acous;c	  leakage	  effects.	  

Does	  it	  imply	  incompressible	  models	  cannot	  be	  used	  for	  such	  cases	  ?	  
No,	  but	  the	  dis>nc>on	  between	  hydrodynamic	  and	  acous>c	  effects	  must	  be	  
introduced	  explicitly.	  



Boundary	  Integral	  discre8za8on:	  bringing	  
the	  listener	  inside	  the	  source	  region	  
l  Direct	  Boundary	  Element	  Method	  (DBEM)	  

l  Deriva;on	  essen;ally	  similar	  to	  Curle’s	  analogy	  
l  Resolu;on	  of	  the	  Helmholtz	  equa;on	  

	  
with	  the	  source	  term	  

	  
using	  free	  field	  Green’s	  func;on	  

l  Colloca;on	  method:	  the	  integral	  solu;on	  is	  evaluated	  
over	  the	  acous;c	  mesh	  
l  Exclude	  Green’s	  kernel	  singularity!	  



Contribu8ons	  of	  compact	  and	  non-‐compact	  regions	  

l  We	  decompose	  the	  pressure	  into	  acous;c	  and	  hydrodynamic:	  

V1 

V2 

l  The	  near-‐field	  effects	  are	  of	  hydrodynamic	  nature	  
and	  taken	  care	  of	  by	  the	  incompressible	  flow	  solver	  

l  The	  far-‐field	  effects	  are	  of	  compressible	  nature	  and	  
obtained	  through	  the	  BEM	  solver	  



Valida8on:	  spinning	  vortex	  pair	  in	  straight	  duct	  

l  Purpose:	  perform	  unambiguous	  valida;on	  of	  the	  BEM	  /	  Curle	  approach	  
l  Flow	  should	  be	  amenable	  to	  (nearly)	  exact	  modelling	  
l  Geometry	  should	  allow	  an	  exact	  evalua;on	  of	  the	  scaOering	  (tailored	  Green’s	  fct)	  
l  Incompressible	  flow	  model	  

l  Leapfrogging	  of	  2	  rec;linear	  vortex	  
filaments	  in	  an	  infinite	  2D	  duct	  
l  Flow	  kinema;cs:	  based	  on	  the	  

complex	  poten;als	  of	  the	  system	  of	  2	  
vor;ces,	  and	  of	  the	  infinite	  series	  of	  
image	  vor;ces	  

l  Non-‐penetra;on,	  slip	  condi;on	  at	  
both	  walls	  (streamlines)	  

h 

d 



Flow	  model:	  source	  fields	  and	  vortex	  desingulariza8on	  
l  Volume	  source	  field:	  

1.  Compute	  the	  vortex	  kinema;cs	  by	  ;me	  marching	  the	  equa;ons	  

l  Wall	  pressure:	  integrated	  from	  unsteady	  Bernoulli’s	  eq.:	  

2.  Compute	  the	  induced	  velocity	  field	  using	  the	  desingularized	  kernel	  



Source	  fields:	  Txy	  and	  wall	  pressure	  



Reference	  solu8on	  used	  for	  
valida8on	  
l  Reference	  solu;on:	  based	  on	  tailored	  Green’s	  
func;on	  



Valida8on	  of	  the	  Curle/DBEM	  method	  for	  kh	  =	  4.8	  

Reference solution 

Curle/DBEM 

Dipolar contribution 

Quadrupolar contribution 

Lighthill 



Summary	  
l  Aeroacous;cal	  analogies	  allow	  extrac;ng	  a	  maximum	  of	  acous;cal	  

informa;on	  from	  a	  given	  descrip;on	  of	  the	  flow	  field	  
l  In	  absence	  of	  flow-‐acous;c	  coupling,	  an	  incompressible	  flow	  model	  permits	  

to	  obtain	  a	  reasonable	  acous;c	  predic;on	  

l  Numerical	  robustness	  issues	  have	  been	  reviewed:	  
l  In	  cases	  of	  non-‐compact	  source	  regions,	  the	  incompressible	  solu;on	  must	  be	  

complemented	  by	  an	  acous;c	  correc;on	  to	  account	  for	  scaOering	  effects	  
l  The	  predic;on	  of	  free	  jet	  quadrupolar	  noise	  requires	  a	  flow	  model	  free	  of	  

spurious	  monopolar	  or	  dipolar	  sources	  ,	  which	  can	  be	  otherwise	  explicitly	  
discarded	  using	  an	  appropriate	  source	  formula;on	  

l  Without	  approxima;ons,	  the	  analogy	  is	  useless!	  
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Thanks	  for	  your	  aFen6on!	  
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